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Abstract  
In this paper, we consider identical parallel machine sched-

uling problem where every job is only allowed to be pro-

cessed on a specified subset of machines. We develop an 

efficient APSO (Adaptive Particle Swarm Optimization) 

based decomposition approach to solve the above problem 

with the objective of minimizing total number of tardy jobs. 

In the proposed approach, the problem is firstly decomposed 

into a machine assignment subproblem and a job sequencing 

subproblem, then the job sequencing subproblem is solved 

optimally by a heuristic algorithm in polynomial time, and 

the machine assignment subproblem is solved by the pro-

posed APSO algorithm, where the key parameters of APSO 

are adjusted in an adaptive manner dynamically based on the 

newly generated data during the search process of the algo-

rithm itself. Also, the problem features are incorporated into 

the initialization and particle moving process to further en-

hance the performance of the algorithm. Numerical compu-

tations on random generated instances show that the pro-

posed approach can obtain an excellent solution in an ac-

ceptable time. 

Introduction 
 

Many scheduling problems in practice can be regarded as 

parallel machine scheduling problem, such as scheduling 

bottleneck workcenters in wafer fabs, scheduling processors 

in a huge computer, and some nurse scheduling problems in 

a hospital. Parallel machine scheduling problem is a kind of 

difficult combinatorial optimization problems, for which 

many efficient algorithms have been presented [1-4]. How-

ever, the situations where jobs can only be assigned to a 

specified subset of machines are more common in the practi-

cal manufacturing environments. Such scheduling problems 

can be generally described as follows [5]: We are given a set 

of n  jobs  1 2
, , ,

n
J J J  and a set of m  machines 

 
1 2
, , ,

m
M M M . Each job 

i
J  has a processing time

i
p , a 

duedate 
i

d  and a set of machines 
i

   to which it can be 

assigned. The goal is to assign each job to one machine in 

i
  and determine the processing sequence of jobs for each 

machine such that some scheduling criterions, e.g. the 

makespan, the total number of tardy jobs, are optimized. 

Aiming at solving this kind of scheduling problems, Yixun 

Lin [6] proposed several polynomial algorithms for solving 

parallel machine scheduling problem with unit-length jobs 

and different scheduling objectives, Oguzhan Alagoz [7] 

studied the rescheduling problem in parallel machine envi-

ronments under processing set restrictions and presented an 

optimizing algorithm for minimizing the stability measure 

subject to the constraint that the efficiency measure is at its 

minimum level, and Liu Min et al. has proposed several effi-

cient genetic algorithms [8-11] for solving parallel machine 

scheduling problems with processing set restrictions or spe-

cial constraints.  

Among the parallel machine scheduling problems, the prob-

lem with the objective of minimizing the total number of 

tardy jobs, which can be denoted as / /
i i

Pm U   using the 

3-field notation [5], is one of the problems frequently en-

countered in the practical intensive manufacturing environ-

ments. However, there are little research reports focusing on 

solving this type of problem except recent work by Yin and 

Hao [9,11], and Hao [5]. In their approaches, Yin [9] pre-

sented a genetic algorithm (EOXGA) with an EOX (Extend-

ed Order Crossover) operator for generating feasible sched-

ules automatically in the process of crossover operation, 

while Hao [5,11] developed a decomposition based evolu-

tionary programming algorithm (DEPA) and chaotic particle 

swarm optimization algorithm (CPSO) where a polynomial 

algorithm are incorporated to solve the single machine 

scheduling problems optimally. DEPA and CPSO are more 

efficient than EOXA since the solution space is reduced 

greatly while keeping its performance by introducing a pol-

ynomial algorithm. However, as the problem scale is getting 

larger, the convergence speed and the performance of DEPA 
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and CPSO are not very satisfactory. In this paper, based on 

the above framework, we developed an APSO (Adaptive 

Particle Swarm Optimization) based decomposition ap-

proach to solve the problem / /
i i

Pm U   efficiently.  

Particle swarm optimization (PSO), which was first intro-

duced by Eberhart and Kennedy [13], has been successfully 

applied to solve continuous and discrete optimization prob-

lems [14-15,20]. Compared with general population-based 

algorithms, such as genetic algorithm, tabu search, ant-

colony algorithm, PSO has a higher convergence speed, but 

is easier to get trapped into local optimum and the perfor-

mance of traditional PSO mainly depends on the parameters. 

Researchers have presented many methods by incorporating 

new problem-specific search mechanisms to enhance its 

global optimization performance, including chaotic PSO 

[5,16-18], hybrid approaches with genetic algorithm [21], 

etc. 

In this paper, we develop an efficient APSO based hybrid 

approach to solve the problem / /
i i

Pm U  . In the pro-

posed approach, the problem is naturally decomposed into a 

machine assignment subproblem and a job sequencing 

subproblem, then the job-sequencing subproblem is solved 

optimally by a heuristic algorithm with in polynomial time 

O(mnlogn), and the machine-selection subproblem is solved 

using the proposed APSO algorithm, where the key parame-

ters, including velocities and directions of moving particles, 

of APSO are adjusted in an adaptive manner dynamically 

based on the newly generated data during the search process 

of the algorithm itself. By adaptive tuning, the population is 

inclined to search in more prominent area. Also, the problem 

features are incorporated into the initialization and particle 

moving process to further enhance the performance of the 

algorithm.  

Numerical computations on random generated instances and 

production data from a wafer fab show that the proposed 

approach can obtain an excellent solution in an acceptable 

time. 

This paper is organized as follows: In Section 2, we formu-

late the machine assignment subproblem and the job se-

quencing subproblem according to literature. Then, in Sec-

tion 3 we propose APSO for the machine assignment 

subproblem and describe the polynomial time algorithm for 

the job sequencing subproblem. In Section 4 we compare the 

proposed algorithm with the algorithms of [5,11]. Finally, 

we give conclusions for this algorithm in Section 5. 

 

Problem Decomposition 
The problem studied in this paper / /

i i
Pm U   can be natu-

rally decomposed into two subproblems: machine-

assignment subproblem and job-sequencing subproblem. in 

the machine-assignment subproblem, each job needs to be 

assigned to a machine while in the job-sequencing 

subproblem, jobs assigned to the same machine need to be 

sequenced, which can be formulated as below. 

(1) Machine assignment subproblem 

We are given a set of n  jobs  
1 2
, , ,

n
J J J  and a set of m  

machines  1 2
, , ,

m
M M M . Each job 

iJ  has a processing 

time 
i

p , a duedate 
i

d  and a set of machines 
i

   to 

which job 
iJ  can be assigned. Given a job sequencing algo-

rithm for each machine, the goal is this subproblem to assign 

job 
i

J  to one of the machines in 
i

  such that the total num-

ber of tardy jobs is minimized. 

(2) Job sequencing subproblem 

We are given a set of n  jobs  1 2
, , ,

n
J J J  and a set of m  

machines  1 2
, , ,

m
M M M . Each job 

iJ  has a processing 

time 
i

p , a duedate 
i

d  and a predetermined processing ma-

chine. The goal is to sequence all the jobs for each machine 

such that the total number of tardy jobs is minimized. 

 

The algorithm  
1. Heuristic algorithm for solving the job sequencing 

subproblem  

In our approach, the job sequencing subproblem is solved 

optimally in polynomial time based on the heuristic algo-

rithm [5,19]. The heuristic algorithm is illustrated in detail as 

below.  

(1) Initialization: let 1i  , 1j  , jS  be the set of jobs to be 

processed on machine jM , 
j jn S  be the cardinality 

of set jS , jT  be the set of tardy jobs in set jS , 

 1, 2, ,jT j m  ,  
j jjQ S T  , 0t  . 

(2) sort the jobs in jS  in increasing order according to 
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duedate 
i

d . The sorted job sequence in jS  can be de-

noted as [1] [2] [ ]jnd d d    without loss of generosi-

ty. 

(3) If 
[ ] [ ]i i

t p d  , then 
[ ]

{ }
ij j

Q Q J , 
[ ]i

t t p  , go to 

step (5). 

(4) If 
[ ] [ ]i i

t p d  , then we consider two cases: 

a) If 
[ ] [ ]i k

p p  (assume 
[ ]k

J be the job with the longest 

processing time in set jQ . If jQ  , let
[ ]

0
k

p  ), 

then let 
[ ]

{ }\
kj jQ Q J , 

[ ]
{ }

ij jQ Q J  ,  

[ ] [ ]k i
t t p p   , and go to step (5). 

b) If 
[ ] [ ]i k

p p , go to step (5). 

(5) If ji n , then 1i i  , go to step (3). 

(6) If j m , then 1i  , j=j+1, 0t  , go to step (2). If 

j m , then stop. 

The time complexity of the above heuristic algorithm for 

solving 1
i

U  (from step (2) to step (5)) is   logO n n . 

Since there are m  independent single machine scheduling 

problems, the time complexity of the above heuristic algo-

rithm for solving the job-sequencing subproblem is 

 logO mn n .  

Since the job sequencing subproblem can be solved optimal-

ly by the above heuristic algorithm, the search space can be 

reduced greatly. However, the machine assignment 

subproblem remains difficult, especially for large instances 

from industrial practice.  Assume the average value of 
i

  is 

m/2, then the total number of solutions of the machine as-

signment subproblem is (m/2)n.  

2. APSO for machine assignment subproblem 

Particle swarm optimization is a population based global 

optimization technology, which has been applied in many 

area[20-21]. Generally, the traditional PSO algorithm in-

cludes the following key steps: 1) solution representation; 2) 

swarm initialization; 3) particle moving mechanism and 4) 

velocity updating mechanism.  

The key steps of the proposed APSO are introduced as fol-

lows. 

(1) Solution representation 

In the proposed APSO, since the job sequencing 

subproblem is solved by a polynomial time, each parti-

cle in APSO only consists of the machine assignment 

information. Therefore, particle 
k

X  can be defined as: 

 ,1 ,2 ,
, , , , 1, 2, ,

k k k nk
x x x k NX   

where 
,k i

x  (
,k i i

x  ) represents the machine on which 

job 
i

J  is to be processed, and N is the total number of 

particles in each iteration.  

In the decoding process for each particle, we firstly de-

termine the jobs to be processed on each machine based 

on the above representation, and then obtain the final 

schedule by the heuristic algorithm in 3.1. 

(2) Swarm initialization 

In our approach, In order to improve the performance 

and diversity of the initial population, we propose a 

problem-specific method to generate the initial swarm. 

In this method, we first classify all of the jobs into three 

classes in average according to the slack time of each 

job, that is, jobs with low slack time belong to class A, 

jobs with middle slack time belong to class B, and the 

remaining jobs belong to class C. the numbers of jobs 

in class A, B and C should be almost equal. Then, we 

present a load-balance based machine assignment heu-

ristic (LBH), which can be formulated as follows. 

Procedure LBH 

Step 1: For each machine , 1, 2, ,
j

M j m , calculate 

the sum of processing time of jobs belonging to class A, 

B and C separately which are capable to be processed 

on machine 
j

M , denoted as    , , ,P j A P j B  and 

 , CP j . 

Step 2: Sort the jobs in a random order. 

Step 3: For each job in class A, assign it to the machine 

with the least  ,P j A  value in its processing set. After 

one job is assigned to a machine, recalculate the ma-

chine load    , , ,P j A P j B  and  , CP j  for each ma-

chine. 

Step 4: For each job in class B, assign it to the machine 

with the least    , ,P j A P j B  value in its processing 
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set. After one job is assigned to a machine, recalculate 

the machine load    , , ,P j A P j B  and  , CP j  for 

each machine. 

Step 5: For each job in class C, assign it to the machine 

with the least      , , ,P j A P j B P j C   value in its 

processing set. After one job is assigned to a machine, 

recalculate the machine load    , , ,P j A P j B  and 

 , CP j  for each machine. 

The jobs with different slack time can be balanced to differ-

ent machines through the above machine assignment heuris-

tic procedure.  

Besides, in the proposed algorithm, the particle velocity 

 ,1 ,2 ,
, , ,

k k k nkV v v v  is an n-dimensional vector for each 

particle, of which  
,

1,2, ,
k i

i nv   represents the velocity of 

the particle’s n-th element.  

(3) Update personal best and global best particle 

We evaluate each particle by its corresponding objective 

value (minimizing the total number of tardy jobs) which is 

obtained by the heuristic algorithm for solving the job-

sequencing subproblem. After that, update the personal-best 
pbest

i
X  for each particle and the global-best 

gbest
X . 

(4) Adaptive particle moving mechanism 

Since the solution representation in our approach is a dis-

crete manner and the particle moving mechanism in tradi-

tional PSO is designed to move the particle to its personal-

best (
pbest

i
X ) and global-best (

gbest
X ) according to its velocity 

in each iteration, we develop a new discrete particle moving 

mechanism combined with problem features and historical 

data of the algorithm in order that the particle can be moved 

to the personal-best or global-best particle adaptively. As-

sume without generosity that we need to move particle 

 
,1 ,2 ,
, , ,

k k k k n
X x x x  to its personal-best particle 

 1 2
, , ,

p p p

n

pbest
X x x x , and the velocity of particle 

k
X  is 

 ,1 ,2 ,
, , ,

k k k nk
V v v v , then the proposed adaptive particle 

moving mechanism can be described as follows. 

Procedure APMM:  

Step 1:  Let 1i  , representing the index of jobs. 

Step 2: Generate a random real number r in  0,1 . If r 

< 
,k i

v , then let 
,k i

p

i
xx  , and randomly select a job as-

signed to machine 
p

i
x , and reassign it to another ma-

chine in its processing set. 

Step 3: If r 
,k i

v , 1i i  . If  1i n  , then stop. 

Else go to step 2. 

There is a big difference between PSO and genetic algorithm 

(GA), that each solution need to move to its personal best 

and global best and thus generating a new solution (in a dif-

ferent place), while in GA each new solution is generated by 

crossover and mutation operators. Therefore, PSO is easy to 

get trapped into a local optimum. So in order to improve the 

global optimization performance of PSO, we add a new pro-

cedure, in which each particle can move to an unknown 

place with a small probability. 

(5) Adaptive velocity updating mechanism 

We propose an adaptive tuning method for velocities of each 

particle, in which the key algorithm parameters of APSO, 

including velocities of moving particles, are adjusted in an 

adaptive manner dynamically based on the newly generated 

data during the search process of the algorithm itself. The 

historical data of the search process of the algorithm reflects 

a lot of useful information of particles, which can be used to 

guide the velocities of particles. In our approach, we mainly 

explore the information of the total sum of tardiness of all 

jobs assigned for each machine. Considering that if the total 

sum of tardiness of the current machine is comparatively 

small, it seems unnecessary to assign jobs to other machines, 

and vice versa, we update each element of particle’s velocity 

vector 
k

V  at iteration t  by:  

    , , 1, , 2, ,

, 1, 2,

, , 1 21 3t t i tn t i tn t i tn

t avg t avg t avg

k i k i

T T T
v w v c r

T T T
t t   

 

    
 

    
 

 

where  ,k iv t  is the i-th element of velocity of particle 
k

V at 

current iteration t , 
, ,t i tn

T  is the total tardiness of machine 
i

x  

at iteration t , 
,t avg

T is the average value of total tardiness 

among all machines at iteration t , c  is a control parameter, , 

1 2,  is the impact factor of historical tardiness data, r  is a 

random real number ranging in  1,1 . It can be seen that 

when  
,i tn

T  is less, the velocity 1,k iv   is to decrease with a 

larger probability, and vice versa. Thus, the machine as-

signment of jobs on the machine with larger number of tardy 

jobs can be adjusted faster. Besides, the inertia weight is 
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updated by the equation 
1k k

w w 

   where   is the dec-

rement factor, which is used to control the convergence 

speed of the algorithm. 

It can be seen that the exploration of the proposed APSO 

is enhanced by the incorporation of problem specific particle 

moving mechanism and velocity updating mechanism. 

Numerical Computations 
1. Experiment design 

We use the randomly generated parallel machine scheduling 

problem with different scale to test the performance of the 

proposed APSO. When generating scheduling problem, we 

randomly select a subset from all of the machines as 
i

 . All 

of the jobs are released at 0. The processing time and the 

duedate are generated with the following distribution:  

 1,10
i

p U  

 1,
i avgd U n p m     

where avgp  is the sum of processing time of all the jobs and 

  is duedate tightness. In this paper we set 1  . 

We compare the proposed APSO algorithm with the algo-

rithms presented in [5,11], in which the CPSO and the 

DEPA are proposed for solving the same problem studied in 

this paper.  

The parameters of the proposed APSO are set as follows: the 

population is 100N  , the iteration number 200K  , the 

control parameter 0.1c  , 0.99  ,  the initial value of 

inertia weight 
1

1w  , the impact weight 
1 20.5, 0.2   .  

In CPSO and DEPA, the population is 100 and the iteration 

number is 200, other parameters are set according to the 

paper [5,11].  

 

2. Numerical results 

Under the given parameters configuration above, Table 1 

lists the average best objective value (total number of tardy 

jobs, denoted as 
tardy

N ) of 10 independent runs. Figure 1 

show the converging performance of the above three algo-

rithms.  
Table 1. Average results of 10 runs 

n m  
DEPA CPSO APSO 

tardy
N  

Time 

(s) tardy
N  

Time 

(s) tardy
N  

Time 

(s) 

30 10  11.4 4 9.6 5 9.0 5 

100 10  13.1 8 12.2 9 11.7 8 

500 10  14.3 39 12.7 43 13.4 44 

800 20  36.8 68 29.9 73 28.3 74 

1500 20  58.0 141 49.4 143 48.5 143 

2000 50  102.1 181 96.8 174 94.2 175 

 

From Table 1, it can be seen that the results of the proposed 

APSO combined with problem features and CPSO are better 

than DEPA on almost all of the problems, and APSO is bet-

ter than DEPA on the problems with large scale. It is con-

cluded that the proposed APSO is more effective on the 

studied kind of problems, especially on the problems with 

large scale. Besides, the running times of the CPSO and 

APSO are very close.  
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